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Abstract 

Let A be the C'*-algebra associated with SUq{2), tt be the representation by left multi¬ 
plication on the L 2 space of the Haar state and let D be the equivariant Dirac operator for 
this representation constructed by the authors earlier. We prove in this article that there is 
no operator other than the scalars in the commutant that has bounded commutator 

with D. This implies that the equivariant spectral triple under consideration does not ad¬ 
mit a rational Poincare dual in the sense of Moscovici, which in particular means that this 
spectral triple does not extend to a A-homology fundamental class for SUq{2). We also 
show that a minor modification of this equivariant spectral triple gives a fundamental class 
and thus implements Poincare duality. 
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1 Introduction 

In noncommutative geometry (NCG), spaces are described by a triple {A,H,D), where A is a 
*-algebra closed under holomorphic functional calculus acting on a complex separable Hilbert 
space 7i and D is an unbounded self-adjoint operator with compact resolvent that has bounded 
commutators with elements from the algebra A. Such a triple is called a spectral triple. In 
this spectral point of view, one requires D to be nontrivial in the sense that the associated 
Kasparov module should give a nontrivial element in K-homology. One can also formulate the 
notion of Poincare duality in this context. A pair of separable C-algebras (A, B) is said to be 
a Poincare dual pair if there exist a class A £ KK{A® B,C) and a class 6 G KK(C, A(S> B) 
with the properties <505 A = idA G KK(A, A) and 5(8)a A = ids G KK{B, B). The element A 
is called a A-homology fundamental class for the pair (A,B). Poincare duality is said to hold 
for a separable C^-algebra A if there is a A-homology fundamental class for the pair [A, A). 
See section 4, chapter 6 in [6] for a detailed formulation, and [12] for an interesting application. 

The existence of a fundamental class can often be deduced from abstract AA-theory argu¬ 
ments, using the properties of the C'*-algebra in question. But more interesting from the point 
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of view of noncommutative geometry is an explicit geometric realization of this fundamental 
class, with possibly other nice features. An explicit geometric realization of a A'-homology 
class is given by a spectral triple. Suppose we have a spectral triple {Ti, vr, D) for a C*-algebra 
A, where vr is faithful. If there is another faithful representation vr' of A on 7^ such that 

1. tt' and vr commute, 

2. (?f, vr', D) is a spectral triple for A, and 

3. (?f, vr (8) vr', D) gives a AT-homology fundamental class for A (g) A, 

then we say that the spectral triple {Ti, vr, D) extends to a A'-homology fundamental class. 
If one replaces condition 3 above with a slightly weaker condition, then one says that the 
spectral triples {7i,7r,D) and are rational Poincare duals (see [12] for this notion). 

In an earlier paper ([3])) the authors constructed an equivariant spectral triple for the quantum 
SU{2) group that was later analysed further by Connes in [8]. It is natural to ask whether the 
triple gives rise to a fundamental class for SUq{2). This is what we try to answer in this paper. 

Let h be the Haar state for the quantum SU{2) group and let vr be the representation of 
C{SUq{2)) on L 2 {h) by left multiplication. In section 2, we make a detailed analysis of the 
operators a and (3 on L 2 {h). We also introduce and study two operators a and P that are 
compact perturbations of a and /3 respectively and obey the same commutation relations as a 
and p. These play an important role in the proof of the main result in section 4. In section 3, 
we compute the modular conjugation operator associated with the Haar state. This helps us 
describe elements of the commutator in terms of elements of the strong closure of 7r(C{SUq{2))). 
Denote by D the equivariant Dirac operator constructed by the authors in [3]. In section 4, we 
prove that there is no operator other than the scalars in the commutant of vr(C'(S17q(2))), that 
has bounded commutator with D. An important consequence of this is that the equivariant 
spectral triple does not give a iL-homology fundamental class for SUq{2). In the final section, 
we show that Poincare duality holds for SUq{2). We also give an explicit construction of a 
spectral triple that gives a fundamental class for SUq{2). 

2 Closer look at the L 2 space 

In what follows, we will be concerned with the quantum SU{2) group, the spectral triple under 
consideration being the equivariant spectral triple constructed by the authors in [3]. To fix 
notation, let us recall a few things from that paper. Let g be a real number in the interval 
(0,1). Let A denote the C*-algebra of continuous functions on SUq{2), which is the universal 
C^-algebra generated by two elements a and P subject to the relations 

a*a + P*P = I = aa* +q^PP*, ap - qPa = 0 = ap* - qP*a, P*P = PP* (2.1) 
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Let h denote the Haar state on A and let vr ; ^ > C{L 2 {h)) be the representation given by left 
multiplication by elements in A. We will often identify an element a ^ A with 7r(a). and 
Pr will stand for and respectively if r > 0, and for and if r < 0. Let D be 

the operator given by D : d{n,i)e\'^\ where 


J 2n + 1 if n / z, 
\ —(2n + 1) if n = i. 


( 2 . 2 ) 


Then {L2{h),7r,D) is an odd equivariant spectral triple of dimension 3 and with nontrivial 
/L-homology class. 

Our objective is to study commutators of the form [D, T'] with T' coming from the commu- 
tant (7r(^))'. Any such T' can be written as JTJ where J is the modular conjugation operator 
associated with the Haar state and T comes from the strong closure {'k{A))'' of tt{A). With this 
in mind, in this section we study the structures of the operators that constitute (7r(yl,))'h Recall 
(cf. [3]) that L 2 {h) has a natural orthonormal basis : n G ^N, i,j = —n, —n + 1,... ,n}, 
and the left multiplication operators in this basis are given by 


where 


a 


(n) 

■'L 


/3 : elf 


/ • A+h) 
a+[n,i,j)e A- 1 
^ 2 2 

2 2 


, z ■ "I 

+ a_(n,z,j)e A- i, 

^ 2 2 

(2.3) 

+ b-{n,i,j)e^^A^ i, 

(2.4) 


a+{n,i,j) = 

/ 2(n+i)+2(n+j)+2 (1 - 9^’' 2i+2)(i_^2n 2i+2^ 
\A (1 - g4n+2)(']^ _ ^4n+4) 

a-in,i,j) = 

(1 _ ^2n+2j)(;L _ ^2n+2i) 1 

V (1 - _ g4n+2) ) ’ 

b+in,iJ) = 

A (l_g4n+2)(l_g4n+4) ) ’ 

II 

• 

1 

V (1 - _ g4n+2) J 


We will also need the following operators on L 2 {h): 


where 


a 


■'L 


?: elf 


a+(n,z,j)e i" 1 
* 20 2 

2 2 


+ a_(n,z,j)e A- i, 

^ 2 2 

(2.5) 

+ b-{n,i,j)e^A^ i, 

(2.6) 


d+{n,i,j) = (?2n+i+i+l^ 

b+{n,i,j) = -g-+^(l-g2n+2Z+2)i^ 

b.{n,i,j) = 
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It is easy to see that a and /3 are compact perturbations of a and /3 respectively. 

We will now decompose the space L 2 {h) as a direct sum of smaller subspaces, and study 
the behaviour of the above operators with respect to this decomposition. Note that the set 
A = {{n,i,j) : n G = —n, —n + l,...,n} parametrizes the canonical orthonormal 

basis for L 2 {h). For each n G denote by A„ the minimal subset of A containing the point 
(|n|, —n, —n) and closed under the translations 

(a, b,c) ^ {a + ^,b+^,c- ^), (a, b,c) ^ {a + ^,b - ^,c + ^). 

For n,k & ^Z, denote by A„fc the minimal subset of A„ that contains (|n| + |A:|, —n + k, —n — k) 
and is closed under the translation {a,b,c) i—> (a + 1,6, c). Thus all the A^^’s are disjoint, 
A = UjjAjj, A„ = UfcA„fc. The following diagram will make it easier to visualize these sets. 
Represent the lattice A as a pyramid, where the vertical axis is the n-axis, the top vertex is on 
the plane n = 0 and n increases downwards. Then A„ are precisely the vertical cross-sections 
parallel to the plane ABD. The ones that intersect the triangle BCD correspond to nonnegative 
values of n and the ones that intersect the triangle BDE correspond to nonpositive values of 
n. In particular, Aq is the cross-section given by the plane ABD. Similarly A„fc are vertical 
lines in the plane A„. The lines that intersect the triangle CDE correspond to nonnegative 
values of k and the lines that intersect the triangle BCE correspond to nonpositive values of 
k. In particular, A„o are the lines that intersect the line CE. 


j 



Let us also note that the family of maps (pn '■ -^n ^ Aq given by 

(pnici, b,c) = (a — |n|, 6 -|- n, c -|- n) 


(2.7) 
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give bijections between and Aq whose restriction to A„fc yield a bijection from A^fc to Aqa:- 
Let Tir denote the closed span of : {n,i,j) G A^}, TLrs denote the closed span of 

{e-J^ : G A^s}, Pr denote the projection onto Hr and Prs denote the projection onto 

Hrs- For an operator T, denote by Hs the restriction PrsTPrs of T to Hrs- Let Un denote the 
unitary operator from Hn to Hq induced by the bijection (j)n- 

Proposition 2.1 Let A stand for a or a, and B stand for j3 or (3. Then one has 

Pn+^APn = APn, Pr+^^g^Prs = APrs, 

BPn = PnB, Pr^s+^PPrs = BPrs, 

PrsB*B = B*BPrs, 

where n,r,s ^ 

Moreover, for all n G the operators UnOiU* and UnfdU* are independent of n 
Proof: This is a simple consequence of equations (|2.3H2.6p . □ 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


Lemma 2.2 a and (3 satisfy the following commutation relations: 

a*a + = /, as* + =1, aj3 - qj3a = 0, ap* - q(3*a = 0, = PP*. (2.11) 


Proof: The relations follow by direct computation from the actions of a and P given in equa¬ 
tions ( 1 ^ and (ESI). □ 

Following is a simple consequence of the above commutation relations. 

Corollary 2.3 Let 7 = P*P and 7 = P*p. Then aij) = : /c G N} U {0} = ( 1 ( 7 ), and 

kerS* = { 0 } = kero*. 


Note that the action of 7 on the basis vectors are given by 

= c+(n,z,j>S”+^^ -b co(n, i, -b c_(n, i, 


where 








C+(n,Z,j) = -g2n+*+J+l(l-r^2n+2i+2)i(^_^2n+2i+2)i^ 

CQ{n,i,j) = (g2n+2i(;L_^2n+2*)^^2n+2i(^_^2n+2i+2)^ 

C-{n,i,j) = -g2r*+*+i-l(l_g2n+2*)i(;^_^2n+2i)i_ 


( 2 . 12 ) 


One can check, using (I2.12[) and E.lOp . that kery = {0}. 

Lemma 2.4 Let r G ^N, and s G ^Z. The restriction PrspPrs ofj to Hrs is compact and the 
spectrum a{PrspPrs) coincides with aipj). 
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Proof: Observe that for r € ^N, Ur{PrslPrs)Uf = Pqs^Pqs- So it is enough to prove the 
statement for r = 0 . 

It is easy to see that Po^yPos is compact by using equation (j2.12l) . This, along with the 
second equality in (j2.9n and the fact that (3 and 7 commute, tells us that cr(Pos 7 Pos) is inde¬ 
pendent of s, and consequently cr(Pos 7 Pos) = (t(Po 7 Po) and in fact, this is same as the essential 
spectrum aessiPolPo)- 

Let us next show that (t(Po7Po) = <7(7). Let K be the operator on PLq, given on the basis 
vectors as follows: 


= cUn,i, 


2,-2 


2,-2 


2,-2 


(2.13) 


It is easy to see that K is compact, the restriction T of P 07 P 0 — K io Hqs is independent of s, 
and a{T) = aify). Hence ct(Po 7 Po - K) = aess{PolPo - K) = Since aessiPo^Po - K) = 
(Tess(Po 7 Po), the proof follows. □ 


Lemma 2.5 The operator 7 has trivial kernel. In particular, for all r,s^ ker 7 rs = {0}. 

Proof: Let P be the projection onto ker 7 . Denote by (p the functional p : T ^ (eQQ^PegQ^) 
Notice that the restriction ol p to A is the Haar state h, and therefore from appendix Al in 
m, we know that 

</'(X{g2-}(7)) = (1 - 

Observe that P = X{o}(a:). Let f{x) = ELo X{g 2 fe}(x) P. Then ^(/(y)) = I - + (j){P). 

Since 0 < /(y) < 1, we have 1 — g 2 ri .+2 _|_ 0 (pj < 1 for all n € N. Therefore 4>{P) = 0, so that 

Pg( 0 ) _ Q 

From the commutation relations (| 2 .ip . it follows that P € 7r(A)'. Since the vector Cgg^ is 
cyclic for 'k{A), it is separating for tt^A)'. Therefore we have P = 0. □ 

Proposition 2.6 Let r G and s G ^Z. The operator jrs is compact and its spectrum cr('yrs) 
coincides with a{'y) = : A: G N} U {0}. Moreover each G 17 ( 7 ^ 5 ) is an eigenvalue of 

multiplicity 1. 

Proof: Observe that = Prsil — l)Prs + PrsjPrs- Since 7 — 7 is compact, and by lemma [23] 

PrslPrs is also compact, it follows that y^s is compact. 

Next we claim that o'(jrs) is independent of s. Write T for the operator P.^ gj^i(3Prs- Then 

1 ^ 

from the commutation relations (| 2 . 8 I 12 . 10 ]l . it follows that |r| = yrs and the partial isometry 
Vt appearing in the polar decomposition of T has initial space TLrs and final space TL^ „, 1 , so 
that it can viewed as a unitary from TLrs to Ti.^ „, 1 . Again from the commutation relations 
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(j2.8H2.10]) . we have 


^r,s+\ 


T = {Pr,s^lPr,s^)iPr,s^PPrs) 
= Pr,s+^l(3Prs 
~ Pr,s-\-^(^'^P'rs 

~ ^Pr.s+lPP'>'s){Pr.s+l'^Pr.s+l) 


= Tt, 


r,s+7 


Therefore 

7r,s+|^T7rs = VtIA- 

1 

Since range of 'jrs is dense in 7irs, h follows that V^ 7 ^g_,_iVT = 7 rs- Thus 7 rs_|_i and 7^5 are 
unitarily equivalent. So their spectrums are the same. 

Since Pr"fPr = ®s7rs) it follows that 


'^{Pr'yPr) — (^essi.Pr'l Pr') — ^irirs)' 


(2.14) 


Our next claim is that aessiPrjPr) = < 7 ( 7 ). Let K be the operator in the proof of lemma l2.4l 
We have seen that K is compact, Pos{PojPo — K)Pos is independent of s and 


a{Pos{PolPo - K)Pos) = cr(7). 


Let Kr := U^KUr- Then 

Prs{PrlPr “ Kr)Prs 


U;{UrPrsU*{UrPrU;UrjU;UrPrU; - K)UrPrMr)Ur 

U;{PosiPo7Po - K)Pos)Ur. 


Therefore PrsiPrjPr — Kr)Prs is independent of s and 

a{Prs{PrlPr “ Kr)Prs) = fT(Pos(-^ 07-^0 “ K)Pos) = Cr{^)- 


Hence 


Finally, 


^essi.Pr'^Pr) ^ess(^Pr^Pr Pr) ^( 7 ) *^( 7 )- 


^essiPr^Pr) — ^essi^PriSf 'j'jPr T PrlfPr) — ^essi^Pr'^Pr) — *^(7)- 
It follows from (12.411 that 

7(eSi^) = + ko{n,i,j)e\f + ki{n,i, 

where 

4.+2.+2,+2 (1 - - g2n+2.+2) ^ l 


ki{n,i,j) = -iq 


(1 - g4n+2^(x _ g4n+4)(x - - g4n+6) 
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ko{n,i,j) 


^ (1 - g^")(l - g4n+2) y (I _ g4n+2)(l _ g4n+4) 


/'^4n+2i+2i-2 (1 9 


- n2n-2i)(^ _ g2n+2i)(^ _ g2n+2i)(^ _ g2n-2i) i 


(1 - q^^-‘^){l - - q^^){l - 


Therefore the operator is a tridiagonal operator of the form 


^(|r| + |s|+fc) 
■'s—r.—s—r 


L „(hl+hl) I „ „(kl+hl+i) 

UQGg—j, g—^ ~r CQ 6 g_j, g_j. 


if /c = 0 , 


„ p(hl+|s|+*'-i) _|_ I, „(kl+hl+^) _|_ „ „(kl+hl+^+i) if t > n 

^k^s—r.—s—r ' ^k^s—r.—s—r ' ^k^s—r.—s—r ii a. ^ u, 


with all the coefficients a^, bk and Ck nonzero. It follows from this that the kernel of 'jrs — Q'^^ can 
have dimension at most 1 . Since 7^5 is compact, each G o'( 7 rs) is an eigenvalue. Therefore 
each is an eigenvalue of multiplicity 1 . □ 


3 The modular conjugation 

We will compute the modular conjugation operator for the Haar state in this section. 

Proposition 3.1 Denote by S the operator a ^ a* on A. Then viewed as an operator on 
L 2 {h), the set {e-J^ : {n,i,j) £ is contained in the domain of S and 

Se^f = (-lf^+i+iqi+^e^ffl_.. (3.1) 

Proof: Recall (equation 57, page 115, [TO]) that if t^j'^ denotes the ijlh matrix entry of the 
irreducible representation indexed by re, then ejj'^’s are just the normalized 4 ”^’s, more specif¬ 
ically, 

1 — / 


=9 




(3.2) 


Therefore {e'fj ■ in,i,j) ^ is contained in the domain of S and 


Se. 


in) _ 




E /pM cJn)\Jni) 
m^k^l 


(m) 
kl ■ 


m,k^l 

By properties of Clebsch-Gordon coefficients, 

(e-j 1 ) = 0 for re / rre. 

From the equation proceeding equation (43), p-74, [TO], we get 


2n 


'^Cq{n,n,m;b-l + n,l- re, = Cq{n, n,m;a-k, k, a)t ^^^, 


(n) 


Am) 


1=0 


rre = 0 , 1 ,... , 2 re. 






Here Cq{m,n,p‘,i,j, k) are the Clebsch-Gordon coefficient ® write 

= Cq{n,n,m-,b - j + n,j - n,b), m,j = 0,1,... ,2n, 
then the above says that 


2n 


^2 ^m/2-k,b-j+jtj-n = Cq{n, n,m;a- k, k, . 
j=0 


for m = 0,1,..., 2n. Therefore 


4-Vb-j+n4j-n = 2jmCq{n, n,m-,a- k, k, 

m 

For a = b = 0, coefficient of t^Q on the right hand side is 

^)joCq{n,n,0;-k,k,0), 
where is the matrix ((H®))jj. Thus, 


1 ) = 2joCq{n, n, 0 ; -k, k, 0 ). 


From equation (I3.2p . 


Hence 


, , _ 1 /I — rr‘^"'+2 \ - i 

||fS;)|| = g-(2n + l)-^=g—( ) 


An+2 , 


(e4i,_j+„4?]-n> 1) = ^ ilq2 ^)joCq{n,n,0-,-k,k,0). 

Let us next find ^)jo- Using equation (73), page 81, m. we get 

= Cq{n,n,m-,-j + n,j - n, 0 ) = (n, n, m; j - n,-j + n, 0 ). 


(3.3) 


Write D = ((dij)) and B = {{Bij)), where dij = and Bm,j = Cq-i{n,n,m; j — 

n, — j + n,0). Then = DB, so that = B ^D. Since B has real entries, it follows 

from equations (46) and (47), page 75, [TO] that B is orthogonal. Therefore ^ = B^D. 
Hence 

(HW“4io = iB^D)jo = {B^)jodoo = Boq{-lf’^ = (-l)2-C,-i(n,n,0;i - n,-j + n,0) 

Using equation (73), page 81, [TU| and the equation preceeding equation (68), page 81, [TU], we 
get 

(H(°) )jo = Cg(n,n,0;-j + n,j-n,0) = (-l)^g^"~^( ^4^2 ) 
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and 


/ 1 _ «4n+2 , _i 

Cg(n,n, 0 ;-fc,fc, 0 )=(-ir+V~% 1,^2 ) '■ 

Substituting these values in (13.31) . we get 

1) = (-l)2-+*+ig*+J. (3.4) 

Thus we have equation (j3.1|) . □ 

In particular, it follows from the above proposition that the operator S is closable. Let S 

denote the closure of S. Let J denote the antilinear operator, given on the basis elements by 

Jej;) = (3.5) 

and let A be given by 

=g2*+2iej”). (3.6) 

Then it follows from (j3.ip that S = JA 2 , and Dom5 = Dom A 2 . By lemma 1.5, m, it follows 
that J is the modular conjugation and A is the modular operator associated with the Haar 
state, and by theorem 1.19, [Hj, we have vr(.A)' = Jtt{A)" J. 

4 The main theorem 

Let D be the operator given by (j2.2p . and let F = sign!?. 

Theorem 4.1 Let T G 7 r(^)L If [F,T] is compact, then T is a scalar. 

Let J be the modular conjugation operator computed in the previous section. Then the theorem 
says that if T G and [F, JTJ] is compact, then T must be a scalar. We will hrst prove 

the following special case of the above theorem. 

Theorem 4.2 Let f be a complex valued function on < 7 ( 7 ). If [F, Jf{'y)J] is compact, then 
/(y) must be a scalar. 

We will need the following simple lemma for the proof of this theorem. 

Lemma 4.3 Let A and B be two compact operators with trivial kernel such that cr{A) = cr{B) 
and each nonzero element of a (A) is an eigenvalue of multiplicity 1 for both A and B. Let 
u be a unit eigenvector of A corresponding to an eigenvector X, v be a unit eigenvector of B 
corresponding to the same eigenvalue A. Assume that |(n, u)| < 1 — e where e > 0 . Then there 
is a positive constant c = c(e. A, cr(A)) such that 


A — B\\ > c. 
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Proof: It follows from the given conditions that there is a unitary U such that Uu = v and 
B = UAU*. Let w be the projection of v onto i.e. 


W = V — {u, v)u. 


Then 


||(A-i?)u|| = ||(A-A)u|| = ||(A-A)u;||. 

Since {A — A) is invertible on it follows that 

ll^ll = ll((^ - A)Lx)-n^ - X)w\\ < ||((Al - A)U)-i||(Al - X)w\l 

so that 

\\A - B\\ > \\{A - B)v\\ = IKA - AVIl > ||u;||||((^ - A)U)-'||-^ 

Observe that 

ll((^-A)Lx)"^|| = (inf{|A-^| : ^ G 7 ^ A})“^ < oo. 

Since 

1 = ||u|p = Kn,u)p + ll^lp < (1 - e)^ + ||u;|p, 

the result follows. 


□ 


Proof of theorem fJT^ Write T := /(y). Let Q = ^ Then compactness of [F,JTJ] is 


equivalent to compactness of [Q,T]. Let Wrs = For an operator A on Tl, denote by 

Ars the operator PrsAPrs- The projection Q commutes with each Prs and one has 

^ _ / krs)(w^rs| if r,-s G ^N, 

Wrs — S 

10 otherwise. 

Since 7 also commutes with Prs, we have 

[Q,T] = ©r,s[Qrs) Fj-s] — Fj-s] ■ 

Take I" / m G N and let A = f{q^^), /i = f{q^'^)- Recall that for each r G s G one has 
<^(7rs) = { 9 ^"' : n G N} U {0}, and each q^'^ is an eigenvalue of multiplicity 1. Let Urs and Vrs 
be eigenvectors of 7 in Brs corresponding to the eigenvalues q^^ and q^'^ respectively. Then 
Turs = Xurs and Tvrs = fJ-Vrs- Now 

{Urs ? \_Q, T] ix^rs {^rs, Qi^XUrs h'^rs')'} (R Urs, QiUrs Urs'}') 

— X(^Urs, QUrs) f^{Urs, QUrs) X(^Urs, QUrs) T X(^Urs, QUrs} 

— (A fi'}{Urs, QVrs) ■ 


In particular, 


\\[Q,T]{UrO - Vro)f > | A - | (ttm, Q^ro) P 

— |A /i| I (UfO, rCro) (a^rO)'^ro) I • 


(4.1) 

(4.2) 
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We will show that for some subsequence 


lim {Ur^O,Wrf^o) 
k^oo 

+ 0 , 

(4.3) 

lim {Vr^O,Wr^^o) 
k^oo 

/ 0 . 

(4.4) 


Observe that 


(Uj’O j rCro) — {UrVj-O^ Ur'^ro) — {UrVrOT'^Oo) ■ 


Now UrVoo be an eigenvector of Ur-jraU* corresponding to the eigenvalue Let ^ be a unit 
eigenvector of 7 in Hoo corresponding to the eigenvalue Note that 


UrlroU ; - 700 = Uri^rO " IroW : + UrJroU ; - 700 = Ur {^ r 0 ” lro ) U ;. 


Therefore 


UrJroU* - 700 II = ||7r0 “ 7ro|| = l!-Pro(7 “ l)PrO 


Since 7 — 7 is compact, it follows that 


lim WUr'jroU* - 700 II = 0. 


By lemma 031 


lim|(C4.n,.o,OI = 1 - 


Let 6r G [0, 27r] be such that exp(i0r) = {UrVro, 0- Write = exp(—Then {UrVro, ^r) = 1 
for each r. Choose a subsequence such that 9r^ converges, to say 9. Let = exp(— 
Then it follows that 

\].m.{Ur^Vr^oX) = 1 - 

k 

Therefore 

limll^r-fct'rfcO-Cll =0. 

k 

Hence 

{Vr^O.Wr^Q) = {UrkVrkO^WQo) = {Ur^Vr^Q - C.Wqq) + (C,^«Oo)- 


The first term converges to zero. Let us show that the second term is nonzero. Let 


k = min{n G N : (C, Cqq^) 7 ^ 0 }. 


Then one has 

{C,,1^wqo) = (C,7''4o ) 0- 

Since 7 C = we have 

{Qm) = = q-^^’^{C,l^woo) / 0 . 
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Thus we have (|4.4I) . An identical proof shows that will have a further subsequence, which 
we continue to denote by by abuse of notation, for which we have both (14.411 and (j4.3l) . 

Since [Q.,T] is compact, [Q,T\{ur^.o — ^r^o) converges to zero. Therefore by (14.21) . we must 
have A = /i, i.e. f{q^^) = Since this is true for all £ 7 ^ m G N, T = /(y) must be a 

scalar. □ 

Proposition 4.4 Let m,n € h and let f be a complex valued function on < 7 ( 7 ). Assume m 7 ^ 0. 
If [T", JoifYifdn f in'}compact^ then f{i) = 0 . 

Proof: Assume m > 0, so that am = a™. Compactness of [F, Jamldnf{l)J] implies compact¬ 
ness of [Q,am(dnf{l)]- Since Q is self-adjoint, this implies [Q, (/(7))*/3n(a™)*a™'/3n/(7))] is 
compact. Now (I^{a^)*a^(5^ is of the form ^( 7 ) for some polynomial p. By theorem 14.21 it 
follows that (/(7))*/3j^(a™')*a™'/3n/(7)) is a scalar. Suppose it is nonzero. Since (a™')*a™' is a 
polynomial in 7 , we have 

{filWdnicrra^Mil)) = (/(7))*/?:/?n/(7))(«™)*«™ 

It would then follow that the kernel of {d^)*a^ is trivial. This implies that the kernel of a 
is trivial. But kera = kera*Q: = ker(l — 7 ) which is infinite dimensional by proposition 12.61 
Therefore we must have {f {'y))*I3*alf^am(3nf {'j)) = 0 which implies amfdnfil) = 0. 

For m < 0, observe that {amfdnfil))* = cx-mP-ngi'j) for some function g and use the above 
argument. □ 

Proposition 4.5 Let n G Z and let f be a nonzero complex valued function on < 7 ( 7 ). //n 7 ^ 0, 
then [F, J/ 3 „/( 7 ) J] is not compact. 

Proof: As before, compactness of [T, Jl3nf{'y)J] is equivalent to the compactness of [Q, Pnfi'j)]- 
So it is enough to show that [Q, fdnfi'l)] is not compact. Also it is enough to prove this for 
n > 0 . 

Since /3 and /S* both have trivial kernel, the partial isometry V appearing in the polar 
decomposition of (3 is unitary and Pnfi'y) = for some function g. Let m G N be such 

that A := g{q^'^) 7 ^ 0. For r G ^N, let Vro be a unit eigenvector of 7 in UrO corresponding to 
the eigenvalue For s G |Z, define 

'^rs y VrQ. 

Then Vrs is a unit vector in Hrs and since y commutes with 7 , we have ^Vrs = (f‘'^Vrs- Therefore 
g{l)vrs = ^Vrs for all r, s. We then have 

[(5,B”5(7)]Ur.o) = {Vr,!Z,Qy'^g{-i)VrQ) - {Vr,:^,y''g{l)QVro) 

= A(Ur,n,QBVo) - {g{l)Vr,:!^,y''QVro) 
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= X{{Vr,^,QVr^n) - {vrO,QVro)) 

= -A||QT;.of 

— A| ('UfOj’^ro) I • 


From the proof of theorem 14.21 there is a sequence rj. such that hmfc(urj.o, Wn^o) 7 ^ 0. Therefore 


the operator [Q, V"'g{'y)] can not be compact. 


□ 


We now have all the ingredients ready for the proof of theorem 14.11 In order to make use 


of these, we need to look at certain operator valued Fourier coefficients. 
Let r be the action of x 5^ on ^ by automorphisms given by 



a I—> za 


(5 1 -^ wf3. 


Let Vz,w '■ L 2 {h) L 2 {h) be given by 



Then 7 r(r^^^(a)) = Vz,wT^{a)V*^ for all a ^ A. Thus the action extends to a strongly continuous 
action of x on the von Neumann algebra 'k{A)". For T € T^iA)" and m, n G Z, denote 
by ^rnn{T) the following operator: 

^mn(a) = [ [ z~"^w~"'Tz,w(T)dzdw. 

Js ^ 451 

Note that the above integral is defined in the strong sense. In case the integrand is norm 
continuous, it coincides with the corresponding integral in the norm sense. 

Lemma 4.6 Let he a sequence of operators in vr(.4)'' that converges strongly to an operator 
T. Then for all m,n £ Z, the sequence ^mn{Tk) converges strongly to ^mn (T). 

Proof: Take a vector u G L 2 {h). Then 



Since Tk converges strongly to T, for each z,w € , we have 



and 



k 

Now an application of the Dominated Convergence Theorem for Banach space valued functions 


(Theorem 3, page-45, [9]) gives us the required result. 


□ 
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Lemma 4.7 Let T G Tr{A)''. If ^rnn{T) = 0 for all {m,n) ^ (0,0), then T = 7 ( 7 ) for some 
bounded measurable function f on cr( 7 ). 


Proof: Let B be the *-subalgebra of A consisting of finite linear combinations of elements of 
the form where m,n Gh and A: G N. Clearly B is dense in A. Observe that 

1. for any T £ B, one has lAmn{T) = cXmPnPi'l) for some polynomial p, 

2 . if r = amPnPi'l) for some polynomial p, then 

m ^ iij = m,k = n, 

10 otherwise. 


Now let T G t^{A)" with ^rnn{T) = 0 for all {m,n) 7 ^ (0,0). Take any two vectors u and 
V in H and let / : 5^ x 5^ —> C be the function given by f{z,w) = {u,Tz^w(T)v). Then by 
the above condition on T, it follows that all the Fourier coefficients f{m,n) are zero for all 
{m,n) 7 ^ (0,0). This implies / is a constant function. Since this is true for any two vectors 
u and V, it follows that {z,w) 1 —> Tz,w{T) is constant, so that for all z,w £ S^, we have 
Tz,w{T) = T- Therefore ^oo{T) = T. Let be a sequence in B that converges strongly to 
T. By lemma UTI we have s-lim^ #mn(7fc) = for all m, n G Z. In particular, we have 

s-limfc =^oo(Zfc) = ^oo(Z') = T. Since each ^oo(2fc) is of the form pki'j) for some polynomial 
Pk, the operator T must be of the form /(y) for some bounded measurable function on < 7 ( 7 ). 

□ 


Lemma 4.8 LetT £ ir^AY'. Then for m,n £ Z, the operator .tAmniT) is of the form amPnfij) 
for some function f on < 7 ( 7 ). 

Proof: Since {^mn{T))* = ^-m,-n{T*), it is enough to prove the statement for m < 0. 
So assume m < 0. Let be a sequence in B that converges strongly to T. Then by 
lemmalMl ^m,n{Tk) converges strongly to ^mn{T). Each ^mn{Tk) is of the form amPnPki'l) = 
PnPki'l) for some polynomial pk- Now 

((a*)H/3^)*((a*)H^^) = 

and kera* = {0} = ker/3 = ker/3*. Therefore the operator {a*Y'^^Pn has trivial kernel. There¬ 
fore the polar decomposition of {a*Y^^Pn is of the form V-s/rip^) where V is an isometry and 
r is a polynomial. Thus V\Jr{'y)pk{‘j) converges strongly to IFmn{T). Therefore ^/r{YY)pk{'l) 
converges strongly to V*JAmn{T). It follows that V*^rnn{T) = /(y) for some bounded function 
/ and limfc ■\/r{x)pk{x) = f{x) for all x £ <7(7). Dehne functions p and pk on 17(7) as follows: 

if h (t\ = [ ^ 

^ \o ifr(x) = 0, ^ lO ifr(a;) = 0. 
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Then ■s/r{x)pkix) = ■s/r{x)pkix) and/(x) = ■s/r{x)p{x). This means ^/r^Pk{l) = \ff^Pk{l) 
and -s/H^Pkil) converges strongly to r{'y)p{'y). Therefore Vr{'y)pk{^) converges strongly 
to V^/r{^p{i) = {a*)\^\(3np{l)- Hence ^mn{T) = (a*)l”"l/ 3 „p( 7 ). □ 

We now turn to the proof of theorem 14.11 

Proof of theorem \4- 1\ Compactness of [T, JT J] implies [Q,T] is compact. Since = 

[Q, T 2 ,«)(T)], it follows that [Q, ^mn{T)] is compact for all m and n. Since the operator ^mn(T) 
is of the form amPnfi'y) for some function / on < 7 ( 7 ), by propositions 14.41 and 14.51 we get 
^mniT) = 0 for all {m,n) 7 ^ (0,0). An application of lemma ITTl now tells us that T = /(y) 
for some bounded function /. Hence using theorem 14.21 we get that T is a scalar. □ 

Remark 4.9 By the characterization of equivariant spectral triples in (see the discussion 
proceeding proposition 4.4, 0 ), for any equivariant D, signL) has to be of the form 2P — I 
or / — 2P, where P is the projection onto the subspace spanned by : n G ^N, n — i ^ 

E,j = —n, —n + 1,..., n}, E being some hnite subset of N. A slight modification in the proof 
of theorem 14.21 will work for the sign of any such D. 

Corollary 4.10 Suppose T G 'k{A)'. If [D,T] is bounded, then T must be a scalar. 

Proof: Boundedness of [D,T] implies compactness of [F,T]. Therefore the result follows from 
theorem KT[ □ 

Remark 4.11 Suppose vr is a faithful representation of a C^-algebra A on a Hilbert space 
H and {H, vr, D) is a spectral triple for A. If there is another C'*-algebra B and a faithful 
representation p of B on TC such that 7r(a) and p{b) commute for all o G A, 6 G H and 
{H, p, D) is a spectral triple for B, then the pair ifH, D) together with the representation 
TT 0 p : a 0 6 I—> 7r(o) 0 p{h) gives rise to a spectral triple for A 0 H and hence an element in the 
A-homology of A® B. 

What the above corollary says is that for the Dirac operator constructed in [3] on L 2 {h) 
along with the representation by left multiplication, such a pair {B, p) does not exist (other 
than the trivial one: H = C), thereby preventing one from turning it into a spectral triple for 
A 0 H in a natural manner. Thus the triple (L 2 (/i), vr, D) does not admit a rational Poincare 
dual in the sense of Moscovici ( [12] ). 

Remark 4.12 Note that the Dirac operator we have considered here is the one equivariant 
with respect to the right regular representation of the group SUq{2). Recall (|3|) that a generic 
Dirac operator equivariant with respect to the left regular representation is of the form D : 
1 -^ d{n,i)e['^\ where 

.... r 2 n + 1 if n / j, 

d{n,i) = < , 

\ — ( 2 n + 1 ) if n = j. 
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All the results in this section continue to hold for this Dirac operator as well. The proofs also go 
through verbatim, except the proof of proposition 14.51 where one has to look at commutators 
[F, J/3nf{'y)J] for n < 0. 

5 K-theory fundamental class 

We will show in this section that even though the spectral triple we considered does not give a 
fundamental class, a little modification enables one to construct a fundamental class that gives 
Poincare duality. 

We start the section with the following straightforward but important observation. 

Theorem 5.1 Poincare duality holds for A. 

Proof: It follows from the description of the irreducible representations of A (HI]) that it is 
a type I C'*-algebra. Both A and C{S^) are separable type I C'*-algebras and have the same 
Kq and Ki groups. Therefore it follows from Rosenberg &: Schochet ([13] that A and (7(5^) 
are iCR-equivalent. Poincare duality holds for C{S^), hence it follows from lemma 3.4, [2| that 
Poincare duality holds for A also. □ 

One can see that Poincare duality is just a consequence of the Rit'-theoretic properties of 
the underlying O^-algebra. What is of greater interest is to get an explicit realization of the 
R-homology fundamental class. Thus we want to identify explicitly a class in KK{A ® A, C) 
that will give us a iP-homology fundamental class. As a first step, we will exhibit an element in 
KK{A, C{S^)) that will give us a RiT-equivalence. We then compose this with the fundamental 
class for the torus to construct the desired class. This involves computing the Kasparov product 
of two elements, which can sometimes be difficult. As we will see, we avoid computing any 
nontrivial Kasparov product by exploiting the special form of the KK-equivalence we construct. 

Lemma 5.2 KK{A, C) ® KK{C, 0(3^)) ^ KK{A, C{S^)). 

(here KK{A,B) means KKo{A, B) ® KKi{A, B) ) 

Proof: Observe that KK{A, C) = Z 0 Z and KK{C, C{S^)) = Z 0 Z. Thus both are torsion- 
free and by the Kiinneth theorem (due to Rosenberg &: Schochet, theorem 23.1.2, [T]), the 
result follows. □ 

Lemma 5.3 KK{A,C{S^)) ^ M 2 (Z). 

Proof: Since KK{C,A) = Z0Z, by the universal coefficient theorem (UCT) (theorem 23.1.1, 
m) it follows that 

KK{A, C{S^)) ^ Hom{KK{C, A),KK{C, C{S^))) ^ Hom{Z © Z, Z 0 Z) ^ M 2 (Z). 
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Note that in the above isomorphism, an element r/ G KK{A,C{S^)) is mapped to the homo¬ 
morphism given hy ^ ^ ^ ® rj. □ 


Lemma 5.4 Let G Ki{A), Ci G K^{A) and rji G Ki{C{S^)), i = 0,1. Define 

7 := Co ® % + Cl m- 

Then the map C > C ® 7 takes to (Co)Co)i?o .Ci to (Ci,Ci)^?i- 

Proof: Proof follows immediately from the observations that Co ® Ci = (Co)Ci) and Ci ® Co = 
(Cl)Co) are both zero, being elements of Ki{C). □ 


Proposition 5.5 Let a denote the trivial grading on C. Then the even Fredholm module 
(C,cj, e,0) gives a generator for K^{A) = Z. 

Proof: Since A and C'(S'^) are -fTiT-equivalent, one has K^{A) = Z. This together with the 
simple observation that the pairing ([(C, a, e, 0)], [1]) is 1 gives us the required result. □ 

We now put together the two results above to produce a iiTiiT-equivalence. 


Proposition 5.6 Let Ci be the K-homology class of the equivariant triple for A (under the 
SUq{2) action), i.e. Ci = [{L2{h),7r, D)]. Let r/i be the element [z] in Ki{C{S^)). Let Co cind 
r]Q be generators for K^{A) and Kq{C{S^)) respectively. Then 7 := Co ® % + Ci ® i?i gives a 
KK -equivalence between A and C{S^). 


Proof: Recall that 7 corresponds to the element C i--> C< 8)7 in Hom{KK{C, A), KK{C, C{S^))) 
and KK{C,A) = Z 0 Z, KK{C,C{S^)) = Z © Z. Using these identifications, it is now easy 
to see that 7 maps the element 1 © 0 to 1 © 0 and 0 © 1 to 0 © 1. In other words, 7 is 

the element in KK{A,C{S^)) = M 2 (Z). This being an invertible element, gives a 


XX-equivalence. 


□ 


Theorem 5.7 The spectral triple {L 2 {h) ® L 2 {h)® e, D ® D) gives a fundamental class for 
A = C{SUq{2)). 

Proof: Let p be the representation of C{S^) © C{S^) on L 2 {S^) given by 

p{f ®g)h = fgh, 

and let d = dg he the derivative. Then {L 2 {S^), p, d) gives the standard fundamental class for 
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Write A for the class of (-L 2 ( 5 ^), p, 5) in KK^{C{S^) 0 (7(5^), C). Then (7 0 7 ) 0 A gives 
a X-homology fundamental class for A. Now 

7 07 = (Co ® W + Cl ® ?/i) ^ (Co ® ho + Cl ® ??i) 

= (Co ® ho) ® (Co ® ho) + (Co ® ho) ® (Cl ® hi) 

+ (Ci ® hi) ® (Co ® ho) + (Cl ® hi) ® (Cl ® hi) 

= (Co ® Co) ® (ho ® ho) + (Co ® Cl) ® (ho ® hi) 

+(Ci ® Co) 0 (hi ® ho) + (Cl ® Cl) ® (hi ® hi)- 

Clearly (po 0 ho) C* A and (pi 0 r]i) 0 A are zero. Taking po to be [1] and pi = [z], it follows 

that (po 0 hi) ® A and (pi 0 po) 0 A are both 1. Therefore 

(7 0 7) 0 A = Co ® Cl + Cl ® Co- 

Taking the spectral triples {L2{h),Tr, D) and (C,cr, e, 0 ) to represent the classes Ci and Co re¬ 
spectively, it follows that the triple given by (7f, C>, Dq) where 

H = L2{h) ® L2{h), (j){a ^ b) = 7 :{a)e{b) ® e{a) 7 r{b), Dq = D®D, 

gives the required class. Therefore the restriction of (p to the first copy of A together with Ti 
and D give a fundamental class for A. □ 

Remark 5.8 The 2£-|-1-dimensional quantum sphere is given by the universal C*-algebra 
Af^ := C'(S'g^+^) generated by elements zi, Z 2 ,..., ^^+1 satisfying the following relations; 


ZiZj 

II 

l<j <i<i + l, 

ztzj 

* 

bT 

II 


1 + (1 “ q'^) ^ Zkzl 

= 0, 


k>i 



i+l 




= 1. 


i=l 




The ill-theory and the iH-homology groups for this algebra are known and by the same 
argument as in the proof of theorem 15.11 A^ is iCiC-equivalent to C{S^) and Poincare duality 
holds for A(^. 

If one replaces the counit e for C{SUq{2)) by the functional 

/ 1 if j = 1, 

' lO ifj/1 , 

on A^, and replaces the equivariant spectral triple for SUq{2) by the spectral triple for 5^^+^ 
equivariant under the action of SUq{i -|- 1) constructed in [5], then everything in this section 
goes through for the odd dimensional quantum spheres. 
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